In four cases it is already known that the product of two distinct Jacobian theta functions having the same variable z and the same nome q is a multiple of a single Jacobian theta function, with the multiple independent of z. The main purpose of the present note is to show that this property also applies in the remaining two cases.
Introduction
The formulae ( ) ( ) ( ) 
Infinite Products
We begin with the well-known expansions of the theta functions as infinite products (Ref. 
The prime in ( ) τ is a complex parameter with positive imaginary part.
With this notation we have ( ) 
and hence
Note that as n → ∞ , the n th factor in this infinite product is 
The required results now follow on combining these equations in pairs. For the product 1 2 θ θ we have from Eqs. (7) and (8) ( ) where we have used the identity 2 2 = .
i q e πτ Hence 
where in the last line we have combined the even ( ) 2n and the odd ( ) 2 1 n − terms to obtain the complete sequence. Hence on rearranging we have ,
followed by translation in z by 1 2
which is Eq. (2), except for the normalizing factor.
For the third identity we note that q iq → corresponds to 1 . 2 τ τ → + From Eqs. (7) and (9) we have 
and ( ) ( )
Now in Eq. (18), we separate the terms according to the parity of . 
Normalizing Factors
If we compare our results (13), (16), and (25), with the desired Eqs. (1), (2), and (3), then we see that we have to verify the following identities: The following identity, which goes back at least to Euler, is needed. When | |< 1 q :
To verify this, we note that on expanding the product in powers of q, only a finite number of factors are needed to determine the coefficient of each power, so that no limiting process is involved and the terms may be re-ordered without affecting the value of the product. (Alternatively, for an analytic argument, the rearrangement is justified by absolute convergence.) Therefore 
